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Abstract
Several enumeration results are known about rooted maps on orientable surfaces, whereas
rooted maps on non-orientable surfaces have seldom been studied. First, we unify both kind of
maps, giving general functional equations for the generating series which counts rooted maps
on any locally orientable surface, by number of vertices and faces. Then, we formally solve
these equations, in order to establish a detailed common formula for all these generating series.
All of them appear to be algebraic functions of the variables counting the number of vertices
and faces. Explicit expressions and numerical tables for the series counting rooted maps on the
non-orientable surfaces of genus 3 and 4 are given. c© 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Enumeration of rooted maps on non-orientable surfaces has been initiated in the
1960s by Brown [10]. The rst explicit enumeration result was obtained by Ben-
der et al., with a parametric expression for the series counting rooted maps on the
projective plane, by number of edges [9] and later by number of vertices and faces [8].
The second step was reached by Arques and Beraud [3], for rooted maps on the Klein
bottle, enumerated by number of vertices and faces, and consequently by number of
edges.
The series counting rooted maps on general surfaces have been asymptotically enu-
merated by Bender et al., who suggested a general parametric formula for these series
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[8, Theorem 3]. This theorem is derived from a similar one, proved for orientable
surfaces in [7].
These two theorems, suitable for asymptotic enumeration, are not precise enough to
perform explicit enumeration. By an accurate analysis of the contribution of each term
in the global calculus, we lled up this gap in precision. Our rst result concerned
rooted maps on orientable surfaces of given genus [4]. We reduced the knowledge
of the series to that of a polynomial with known degree and with integral coe-
cients, computable from recursion formulas. Our present result concerns rooted maps on
orientable and non-orientable surfaces.
We rst give here a complete denition of the type of a surface. Then, considering
together orientable and non-orientable surfaces with the same type, we determine a
parametric formula for the series counting rooted maps on this general surface, by
number of vertices and faces. Such a surface is either orientable or not, so that a
formula for the rooted maps on a non-orientable surface of given type can always
be obtained by subtraction of the orientable contribution, established in a previous
paper [4]. As an example, explicit formulas for rooted maps on non-orientable surfaces
with one hole are given.
This paper is organized as follows: surfaces and rooted maps are dened in Section 2,
together with some convenient notations. Section 3 gives the functional equations that
have to be solved. Theorem 1 of Section 4, which is the main result of this paper,
presents a general parametric formula for the series counting rooted maps on any locally
orientable surface. An inductive technique is used to prove Theorem 1 in Section 5.
Applying this technique, Section 6 gives two new enumeration results about maps:
explicit formulas for genus 3 and genus 4 non-orientable rooted maps.
2. Denitions and notations
2.1. Denitions
A surface is a topological space with the same local properties as the Euclidean
plane. Namely, a surface (in the three-dimensional Euclidean space) is a connected
compact 2-manifold (without boundary). The connected sum S1#S2 of two surfaces S1
and S2 is obtained by identifying the boundaries of two small similar holes, respectively,
cut in S1 and S2.
A proof of the following classication theorem for compact surfaces of R3 can be
found in the book of Massey [12]:
 Any orientable surface of R3 is homeomorphic to the connected sum of g tori, where
g is a non-negative integer, called genus of the surface. Any surface of genus 0 is
homeomorphic to the sphere, which is the neutral element for the law of connected
sum.
 Any non-orientable surface of R3 is homeomorphic to the connected sum of an
orientable surface and either the projective plane, or the Klein bottle.
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We suggest to denote by (S), or simply , the type of S, introduced in [6], which
provides, together with orientability, a convenient characterization of any class of home-
omorphic surfaces. This type has the following properties:
 The type of an orientable surface is equal to the genus of this surface.
 The type of a non-orientable surface homeomorphic to the connected sum of an
orientable surface of genus g and the projective plane is equal to g, plus 1=2 for the
additional projective plane.
 The type of a non-orientable surface homeomorphic to the connected sum of an
orientable surface of genus g and the Klein bottle is equal to g, plus 1 for the
additional Klein bottle.
Thus, the type of the sphere is 0, the type of the projective plane is 1=2, the type of
the torus and the type of the Klein bottle are 1. The genus admits a classical denition
for non-orientable surfaces, where the genus of the projective plane is 1 and the genus
of the Klein bottle is 2. Nevertheless, we prefer to use the notion of type, for its
convenient property of additivity with respect to the operation of connected sum:
(S1#S2)= (S1) + (S2):
A map on a surface is a partition of the surface into simply connected regions ( faces)
bounded by a nite number of simple curves (edges), ending on points (vertices) in
such a way that the edges are disjoint from each other and from the vertices.
A map is rooted if one edge, a direction along this edge and a side of this edge are
distinguished. More generally, we dene here multi-rooted maps. Let r be a positive
integer. We say that a map is r-rooted if it is rooted (by e1) and if a sequence
(e2; : : : ; er) of oriented edges is distinguished, with initial vertices distinct from each
other and from the initial vertex of e1.
Two r-rooted maps on the same surface are isomorphic if there is an homeomorphism
of the surface, which preserves the orientation of the surface (if it is orientable) and
assigns the faces, vertices and edges of the rst map on the faces, vertices and edges
of the second one, leaving xed the root (with distinguished direction and side) and
the sequence of distinguished oriented edges. In all that follows, what we call r-rooted
maps is in fact a class of maps for this isomorphism.
Our aim is to enumerate explicitly 1-rooted maps on a surface of arbitrary xed
type . Since this surface can be orientable or not, we also want to know the number
of rooted maps of each kind. For this, we pass through the enumeration of a nite set
of families of r-rooted maps.
2.2. Notations
Let S(v1; : : : ; vr ; s; f) be the ordinary generating function counting the number of
r-rooted maps on any surface, orientable or not, of type .
Let Q(v1; : : : ; vr ; s; f) be the generating function counting the number of r-rooted
maps on the orientable surface of type , if  is integral, and 0 otherwise.
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Let N(v1; : : : ; vr ; s; f) be the generating function counting the number of r-rooted
maps on the non-orientable surface of type , if  is a positive half-integer, and 0
otherwise.
For any integer k from 1 to r, the degree of variable vk is the degree of the initial
vertex of the kth distinguished oriented edge. The degree of variable s is the number
of vertices minus one and the degree of variable f is the number of faces minus one.
Using these notations, one obviously gets:
S(v1; : : : ; vr ; s; f)=Q(v1; : : : ; vr ; s; f) + N(v1; : : : ; vr ; s; f):
Remarks. Q(v1; : : : ; vr ; s; f) is denoted Qg(v1; : : : ; vr ; s; f) in [4]. Rooted maps of type 0
(planar maps) are maps on the sphere, and then orientable, so that N0 = 0 and S0 =Q0.
Throughout we shall use Q0 or S0 to denote the generating function of well-known
1-rooted planar maps.
In [8], Bender et al. have dened a similar generating function M(u; v; y; I), which
is related to the generating function S(v1; : : : ; vr ; s; f) by
sfS(v1; z2; : : : ; zr ; s; f)=

i=rQ
i=2
zi

@r−1Qi=r
i=2 (@zi)
M(s; f; v1f2; : : : ; rg):
We choose to adapt the notation of Bender et al., distinguishing edges instead of
faces, in order to deal with symmetric functions of variables v1; : : : ; vr , which allow
us to dene the following convenient writing convention: let  be a positive integer,
 a non-negative integer and  a function of ( + ) variables. One says that  is
symmetric in its  rst variables, if, for any permutation  on the set f1; : : : ; g, the
expressions (x1; : : : ; x; x+1; : : : ; x+) and (x(1); : : : ; x(); x+1; : : : ; x+) are identi-
cal. We denote by (X; x+1; : : : ; x+) any one of these identical expressions, where
X is the set fx1; : : : ; xg.
By denition, the generating function S(v1; : : : ; vr ; s; f) is symmetric in the variables
v1; : : : ; vr and then in the variables v2; : : : ; vr . This explains the use of the writing
S(v1; W; s; f) in the following equations, if W is the set fv2; : : : ; vrg. Other similar
abbreviations are used with other obviously symmetric functions.
3. Functional equations
For any type  and any positive number r of rooted oriented edges, the generating
function S(v1; : : : ; vr ; s; f) of r-rooted maps on a surface of type  satises a relation,
which generalizes Tutte's equation. We rst introduce some notations used to write
this relation in a more synthetic way.
 W denotes the empty set if r=1, and the set fv2; : : : ; vrg if r> 2.
 For any part X of W (X W ); W−X denotes the subset of the elements of W which
are not in X .
 a; b denotes Kronecker's symbol, 1 if a equals b, and 0 otherwise.
D. Arques, A. Giorgetti / Theoretical Computer Science 234 (2000) 255{272 259
3.1. Functional equation for r-rooted maps of type 
S(v1; W; s; f) =fv21
2P
i=0
P
XW
Si=2(v1; X; s; f)S−i=2(v1; W−X; s; f)
+ 2
v21
s
S−1(v1; v1; W; S; f) + v1s
v1S(v1; W; s; f)−S(1; W; s; f)
v1−1
+s
j=rP
j=2
v1vj
@
@vj

vj
vjS(vj;W−fvjg; s; f)− v1S(v1; W−fvjg; s; f)
vj−v1

+ v21
@
@v1
[v1S−1=2(v1; W; s; f)] + ;0r;1 (1)
where S=0 if  < 0 and
Pj=1
j=2 = 0:
One establishes this family of equations by the classical topological contraction of
an edge, rst introduced by Tutte [13, 14] for planar maps and generalized to higher
genus by Walsh and Lehman [15, 16]. It is a simple rewriting of the analogous formula
stated by Bender et al. [8].
3.2. Recursive form of the functional equations
One can rewrite relation (1) as a recursion formula between S(v1; : : : ; vr ; s; f) and
terms involving some Sj(X; s; f); where j is a positive half-integer lower than  and
X is some subset of fv1; v2; : : : ; vrg, strict if j= :
 S0(v; s; f)=Q0(v; s; f) is uniquely dened by
[1−v+v2s−v2f(1−v)Q0(v; s; f)]Q0(v; s; f)= vsQ0(1; s; f)+1−v: (2a)
 If  is not zero or if W is not empty, then we deduce from (1) that S(v1; W; s; f)
veries
A(v1; s; f)
v1
S(v1; W; s; f)
= fv1(1−v1)
2P
i=0
P
X W
(i; X ) 6= (0;;) and (2;W )
Si=2(v1; X; s; f)S−i=2(v1; W−X; s; f)
+2
v1(1−v1)
s
S−1(v1; v1; W; s; f) + sS(1; W; s; f)
+sT(v1; W; s; f)+v1(1−v1) @@v1 [v1S−1=2(v1; W; s; f)]; (2b)
260 D. Arques, A. Giorgetti / Theoretical Computer Science 234 (2000) 255{272
where
T(v1; W; s; f)
=
j=rP
j=2
(1−v1)vj @@vj

vj
vjS(vj;W−fvjg; s; f)−v1S(v1; W−fvjg; s; f)
vj−v1

; (2c)
A(v; s; f)= 1−v+v2s−2v2f(1−v)Q0(v; s; f): (2d)
These equations were rst given in [8] (where one should read z! instead of w!),
under a slightly dierent form, involving the similar function M(u; v; y; I): Eq. (2a)
has been extended to generating series with non-commutative variables in [11].
3.3. Properties of A(v; s; f)
From (2a), one can show that A(v; s; f) is a power series dened by
A(v; s; f)2 =B(v; s; f); (3.1)
where
B(v; s; f)= 4v3(v−1)sfQ0(1; s; f)− 4v2f(v−1)2 + (1−v+ v2s)2: (3.2)
One shows that there is a unique power series V of the variable s and f so that:
A(V; s; f)= 0: (3.3)
From (3.1) and (3.3), one deduces that B(V; s; f)= 0 and @B=@v(v; s; f)jv=V =0.
Rewriting this using (3.2), one gets two independent equations with unknowns V
and Q0(1; s; f), which can be solved through the following parametric system, rst
introduced in [1]:
s=p(1−p−2q); f= q(1−2p−q) and p= q=0 when s=f=0: (3.4)
Consequently, the power series V and Q0(1; s; f) of variables s and f are dened
by
V =
1
1−p
and
sf Q0(1; s; f)=pq(1−2p−2q):
3.4. An important special case of relation (2b)
For > 1=2, one deduces from (3.3) and (2b), written for v1 =V and W = ; (r=1),
a relation for the power series S(1; s; f) we are looking for.
For > 1=2, the ordinary generating function sf S(1; s; f) of rooted maps of
type ; counted by number of vertices (degree of s) and by number of faces (degree
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of f) satises the relation
sf S(1; s; f)
=fV (V−1)
0
B@f
2−1P
i=1
Si=2(V; s; f)S−i=2(V; s; f)
+
2
s
S−1(V; V; s; f) +
@
@v
[vS−1=2(v; s; f)]v=V
1
CA: (3.5)
4. General form for rooted maps with type >1
For any type >1, we establish in Theorem 1 a general parametric formula for the
power series S(1; s; f), which helpfully renes Theorem 3 of [8], with an upper bound
for numerator and denominator degrees. The single unknown of this general form is
the polynomial R(p; q; a), whose total degree is proved to be lower than or equal to
6− 3.
Theorem 1. For any positive half-integer >1; the ordinary generating function
sf S(1; s; f) which counts rooted maps of type  by number of vertices (degree of s)
and number of faces (degree of f) is the unique solution of the following parametric
system:
s=p(1−p−2q);
f= q(1−2p−q);
sf S(1; s; f)=
R(p; q; a)
[(1−2p−2q)2−4pq]5−3 ; (4.1)
with
a=
p
(1−2p−2q)2−4pq;
where R(p; q; a) is a polynomial of variables p; q and a; symmetric in p and q; and
whose total degree is lower than or equal to 6− 3.
Remark. In the case of orientable surfaces, it has been possible to prove [4] that, for
any positive integer g, the ordinary generating function sf Qg(1; s; f) which counts
rooted maps of genus g by number of vertices (degree of s) and number of faces
(degree of f) is the unique solution of the following parametric system:
s=p(1−p−2q);
f= q(1−2p−q);
sfQg(1; s; f)=
pq(1−p−q)Pg(p; q)
[(1−2p−2q)2−4pq]5g−3 ;
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where Pg(p; q) is a polynomial of variables p and q with integral coecients and
whose total degree is lower than or equal to 6g− 6.
The proof of Theorem 1 is detailed in Section 5, essentially by induction on some
parameters.
5. A proof for Theorem 1
For technical reasons, let us dene c by
1−2c= a=
p
(1−2p−2q)2−4pq: (5.1)
In order to prove Theorem 1, we rst establish the following weaker formula, in
which parasitic terms appear, that we eliminate thanks to a duality argument:
sf S(1; s; f)=
F(p; q; c)
(1−p)6−2p4−1(1−2c)10−6 ; (5.2)
where F(p; q; c) is a polynomial of variables p; q and c, whose total degree is lower
than or equal to 16−6.
Duality between faces and vertices in rooted maps, implying the symmetry of this re-
lation in variables p et q, justies the divisibility of the numerator by (1−p)6−2p4−1,
leading to the nal formula of Theorem 1.
5.1. Notations
Let  be a positive integer and  be a power series of variables v1; : : : ; v; s and
f. Then, the multiple partial derivative of  to the orders n1; : : : ; n with respect to
the variables v1; : : : ; v; respectively, computed in v1 =    = v=V , is a power series
in p and q, normally written as (n1 ;:::;n;0;0)(V; : : : ; V; s; f), which will be shortened to
[n1; : : : ; n].
Example. A[k] denotes A(k;0;0)(V; s; f); i.e. @kA=(@v)k(v; s; f)v=V :
We now dene a family of equations, indexed by the type  of the surface, by
a positive integer r and by a list of non negative integers (n1; : : : ; nr). Starting from
Eq. (2b), one performs the following transformations:
1. Partial derivation of Eq. (2b) with respect to the variables v1; v2; : : : ; vr to orders
n1 + 1; n2; : : : ; nr , respectively.
2. Evaluation of this dierential equation for v1 =    = vr =V:
3. In the left-hand side of the resulting equation, isolation of the single term involving
S[n1; : : : ; nr].
Since S[n1 + 1; : : : ; nr] is multiplied by A[0], which is known to be zero (3.3), terms
moved to the right-hand side only depend on S[k; : : : ; nr], for k<n1. Finally, one gets
D. Arques, A. Giorgetti / Theoretical Computer Science 234 (2000) 255{272 263
the following equation, denoted (; n1; : : : ; nr) in all that follows:
(n1 + 1)A[1]
V
S[n1; : : : ; nr]
=
P
i+j+k=n1+1
i>0; k<n1

n1 + 1
i; j

(−1) j+1j!
V j+1
A[i]S[k; n2; : : : ; nr]
+f
2P
i=0
P
XW
(i; X ) 62f(0;;); (2;W )g
P
k+l+m=n1+1

n1 + 1
k; l

M [m]Si=2[k; NX ]S−i=2[l; NW−X ]
+
2
s
P
i+j+k=n1+1

n1 + 1
i; j

M [k]S−1[i; j; NW ]
+ s
j=rP
j=2
(n1 + 1)!nj!
0
BB@
nj
P
k+l=n1+nj+2
L[k]
k!
S[l; Nj]
l!
+V (nj + 1)
P
k+l=n1+nj+3
L[k]
k!
S[l; Nj]
l!
1
CCA
+
P
i+j=n1+1

n1 + 1
i

[M [i]S−1=2[j; NW ] + L[i]S−1=2[j + 1; NW ]]
where M and L are, respectively, dened by M (v)= v(1− v) and L(v)= v2(1− v).
Let Mm and Lk be the polynomials in p such that M [m] =m!(1−p)m−2Mm(p) and
L[k] = k!(1− p)k−3Lk(p). One proves that:
 Mm(p) is a polynomial of degree lower than or equal to 1 for m6 2 and 0 otherwise.
 Lk(p) is a polynomial of degree lower than or equal to 1 for k6 3 and 0 otherwise.
5.2. General form for series S[n1; : : : ; nr]
In all that follows, r denotes a positive integer and (n1; : : : ; nr) a list of non-negative
integers. The proof of Theorem 1 goes through an inductive proof of the following
intermediate result:
Proposition 1. For (; r) 6=(0; 1); the power series S[n1; : : : ; nr] has the general form
S[n1; : : : ; nr] =
N !sr−1(1− p)−6+n−2r+4F; n1 ;:::; nr (p; q; c)
fp4+n+3r−3(1− 2c)10+2n+7r−10 (5.3)
with n= n1 +    + nr; N ! = n1! : : : nr! and where F; n1 ;:::; nr (p; q; c) is a polynomial of
variables p; q and c; whose total degree is lower than or equal to 16+3n+10r−13.
This proposition, proved by induction in Section 5.4, requires the following technical
lemmas.
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5.3. Four technical lemmas
Lemma 1. For any non-negative integer i;
A[i] =
i!(1− p)i−1Di(p; q)
(1− 2c)2i−3 ; (5.4)
where D0 = 0 and Di(p; q) is a polynomial of variables p and q; whose total degree
equals 2i − 2; for i 6=0.
Proof of Lemma 1. The rst four cases are treated separately. From (3.1), (3.2) and
(3.3), one can directly show that
A[0]= 0;
A[1]= 2c − 1;
A[2]=
2(1− p) (−p− 4q+ 2p2 + 4q2 + 4pq)
(2c − 1) ;
A[3]=
−3!2q(1− p− q) (1− p)4
(2c − 1)3 :
So, Lemma 1 is satised, for i lower than or equal to 3. For i> 4, one deduces
from (3.1) a simple proof of Lemma 1 by induction on i.
The following proofs require a general form for partial derivatives of Q0(v; s; f)
= S0(v; s; f) in v, calculated in v=V , which is given by the following Lemma 2.
Lemma 2. For any non-negative integer k;
S0[k] =
k!(1− p)k+1F0; k(p; q; c)
fpk(1− 2c)2k−3 ; (5.5)
where
F0;0(p; q; c)=
q
(1− 2c)3 ;
F0;1(p; q; c)=
(1− p)(c − p)− q
1− 2c
and; for k> 2; F0; k(p; q; c) is a polynomial in p; q and c whose total degree is lower
than or equal to 3k − 2.
Proof of Lemma 2. This lemma is an immediate consequence of the basic technique
used throughout this paper, namely partial derivation to order k with respect to vari-
able v, calculated in v=V , here applied to relation (2d). The general form of A[i]
given by Lemma 1 is intensively used.
The rst two cases can be directly calculated. Then, the proof follows by induction
on k, for k> 3.
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The following two lemmas are the basis of the inductive proof of theorem 1.
Lemma 3. For k> 0;
S1=2[k] =
k!(1− p)k−1F1=2; k(p; q; c)
fpk+2(1− 2c)2k+2 ; (5.6)
where F1=2; k(p; q; c) is a polynomial in p; q and c whose total degree is lower than
or equal to 3k + 5.
Proof of Lemma 3. Once more, this general form can be proved by induction on k,
from the special case of Eq. (2b), where =1=2 and r=1. When this equation is
derived to order k + 1 with respect to v, and calculated in v=V , it leads to
(k + 1)
A[1]
V
S1=2[k] =
P
i+j+l=k+1
i>1; l6k−1

k + 1
i; j

(−1) j+1j!
V j+1
A[i]S1=2[l]
+
P
i+j=k+1

k + 1
i

[M [i]S0[j] + L[i]S0[j + 1]]: (5.7)
This equation (which can also be denoted (1=2; k), according to the notations of
Section 5.1) is suitable, together with Lemma 2, for an inductive proof for S1=2[k].
Lemma 4. For any non negative integers n1 and n2;
S0[n1; n2]=
n1!n2!s(1− p)n1+n2F0; n1 ; n2 (p; q)
f(1− 2c)2(n1+n2+2) ; (5.8)
where F0; n1 ; n2 (p; q) is a polynomial in p and q; whose total degree is lower than or
equal to 2(n1 + n2) + 4.
Proof of Lemma 4. With the notations of Section 5.1, Eq. (0; n1; n2), is explicitly
(n1 + 1)
A[1]
V
S0[n1; n2] =
P
i+j+k=n1+1
i>0 and k<n1

n1 + 1
i; j

(−1) j+1j!
V j+1
A[i]S0[k; n2]
+ s(n1 + 1)!n2!
 
n2
P
k+l=n1+n2+2
L[k]
k!
S0[l]
l!
+V (n2 + 1)
P
k+l=n1+n2+3
L[k]
k!
S0[l]
l!
!
:
General forms for A[i] and S0[l] are provided by Lemmas 1 and 2, respectively.
Then, Lemma 4 is proved by induction on (n1; n2), starting from
S0[0; 0]=
sq(1− p− q) (1− p)2
f(1− 2c)4 :
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5.4. Inductive proof of Proposition 1
5.4.1. Initial cases
Lemma 3 proves formula (5.3) for the rst initial case, when (; r)= (1=2; 1).
Lemma 4 does the same for the second intial case, when (; r)= (0; 2).
5.4.2. General case
It is easy to check that equation (; n1; : : : ; nr) denes S[n1; : : : ; nr] from partial
derivatives of Sj, for j strictly lower than , or for j=  and a number of variables
strictly lower than r, or otherwise for j= , a number of variables equal to r, and a
total derivation order strictly lower than n1 +   + nr . As a consequence, the general
case of formula (5.3) can then be proved by induction, from equation (; n1; : : : ; nr).
Let us suppose that (5.3) is veried for all the series Sj[m1; : : : ; mh], where
 j=0 and h> 2,
 0<j<; j half-integer and h> 1.
 j=  and 16 h<r,
 j= ; h= r and (m1; : : : ; mh) lexicographically lower than (n1; : : : ; nr),
Introducing all these hypotheses in equation (; n1; : : : ; nr) and handling some tedious
computing leads to formula (5.3) for S[n1; : : : ; nr]. This ends the inductive proof of
Proposition 1.
Finally, relation (3.5) for sfS(1; s; f) invites us to consider special cases of
S[n1; : : : ; nr], namely Si=2[0] for any integer i from 1 to 2 − 1; S−1[0; 0]; S−1=2[0]
and S−1=2[1]. Weak formula (5.2) results from these special cases substituted in (3.5),
and Theorem 1 follows, using (5.1).
6. Explicit enumeration of rooted maps on non-orientable surfaces
6.1. Explicit enumeration results
Formally applying the algebraic calculus described in the proof of Theorem 1 leads
to the explicit enumeration results of Theorems 2 and 3.
Theorem 2. The ordinary generating function sf N3=2(1; s; f) counting rooted maps
of type 3=2 (connected sum of a projective plane and a torus) by number of vertices
(degree of s) and by number of faces (degree of f) is the unique solution of the
following parametric system:
s=p(1− p− 2q); f= q(1− 2p− q)
sfN3=2(1; s; f) =
R3=2(p; q)
[(1− 2p− 2q)2 − 4pq]9=2 (6.1)
D. Arques, A. Giorgetti / Theoretical Computer Science 234 (2000) 255{272 267
with
R3=2(p; q) =−208(p6 + q6) + 336(p5q+ pq5)− 1200(p4q2 + p2q4)
−2720p3q3 − 528(p5 + q5) + 252(p4q+ pq4)
+4344(p3q2 + p2q3) + 376(p4 + q4)− 1660(p3q+ pq3)
−4380p2q2 + 48(p3 + q3) + 1595(p2q+ pq2)− 171(p2 + q2)
−581pq+ 73(p+ q)− 10 + T3=2(p; q)
p
(1− 2p− 2q)2 − 4pq
and
T3=2(p; q) = 104(p5 + q5) + 72(p4q+ pq4)− 584(p3q2 + p2q3)− 212(p4 + q4)
+324(p3q+ pq3) + 1288p2q2 + 82(p3 + q3)− 664(p2q+ pq2)
+65(p2 + q2) + 348pq− 53(p+ q) + 10:
Theorem 3. The ordinary generating function sf N2(1; s; f); counting rooted maps of
type 2 (connected sum of a Klein bottle and a torus) by number of vertices (degree
of s) and by number of faces (degree of f) is the unique solution of the following
parametric system:
s=p(1− p− 2q); f= q(1− 2p− q)
and
sfN2(1; s; f) =
D0(p; q) + D1(p; q)
p
(1− 2p− 2q)2 − 4pq
[(1− 2p− 2q)2 − 4pq]7 (6.2)
with
D0(p; q) = 5248(q9+p9)+84224(q8p+qp8)+223 232(q7p2+q2p7)
−53 632(q6p3+q3p6)−749 824(q5p4+q4p5)−43 200(q8+p8)
−374 016(q7p+qp7)−482 496(q6p2+q2p6)+1 065 600(q5p3+q3p5)
+2 444 544q4p4+119 008(q7+p7)+599 680(q6p+qp6)
−19 872(q5p2+q2p5)−2 444 192(q4p3+q3p4)−159 152(q6+p6)
−400 832(q5p+qp5)+798 880(q4p2+q2p4)+2 129 088q3p3
+113 736(q5+p5)+34 080(q4p+qp4)−800 760(q3p2+q2p3)
−39 844(q4+p4)+105 488(q3p+qp3)+335 304q2p2
+1610(q3+p3)−61 912(q2p+qp2)+3711(q2+p2)
+14 220qp−1199(q+p)+122
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and
D1(p; q) = 2624(q8+p8)+38 720(q7p+qp7)+70 016(q6p2+q2p6)
−89 920(q5p3+q3p5)−250 240q4p4−20 288(q7+p7)
−144 176(q6p+qp6)−61 056(q5p2+q2p5)+495 088(q4p3+q3p4)
+49 360(q6 +p6)+174 696(q5p+qp5)−194 664(q4p2+q2p4)
−676 544q3p3−54 896(q5 + p5)−58 772(q4p+qp4)
+323 140(q3p2+q2p3)+29 420(q4 + p4)−37 606(q3p+ qp3)
−174 348q2p2−5212(q3+p3)+35 952(q2p+qp2)
−1801(q2+p2)−10 156qp+955(q+ p)−122:
Remark. Similar formulas for non-orientable surfaces of type 1=2 (projective plane)
and 1 (Klein bottle) have been established, respectively in [8, 3]
sfN1=2(1; s; f) = 12 (1− 2p− 2q−
p
(1− 2p− 2q)2 − 4pq) (6.3)
and
sfN1(1; s; f) =
M1(p; q)
[(1− 2p− 2q)2 − 4pq]2 ; (6.4)
where M1(p; q)=(2−5(p+q)+2(p2+q2)+8pq)(1−2(p+q)−
p
(1−2(p+q))2−4pq).
6.2. Numerical tables
Numbers of non-orientable rooted maps of types 3=2 and 2 are tabulated here, for
small values of the parameters. These numbers are the lower coecients of the series
enumerated by Theorems 2 and 3. This is done using two dierent techniques, whether
there are two parameters (the number of vertices and the number of faces) or only one
(the number of edges). These techniques and the resulting tables are given below.
6.2.1. Tables by number of vertices and faces
A two-dimensional version of Lagrange's inversion formula, applied to the formulas
of Theorems 2 and 3 leads to Tables 1 and 2, for types 3=2 and 2, respectively.
6.2.2. Tables by number of edges
The choice done here to consider the type  of the surfaces, rather than their genus,
presents one advantage: it allows the writing of the same Euler{Poincare formula for
orientable and non-orientable surfaces, namely:
v− e + f = 2− 2; (6.5)
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Table 1
Number of rooted maps with v vertices and f faces on a non-orientable surface of type 3=2
f
0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 41 690 7150 58 760 420 182
v 2 0 690 16 925 237 652 2 518 957 22 417 804
3 0 7150 237 652 4 306 778 56 864 524 613 687 758
4 0 58 760 2 518 957 56 864 524 910 734 615 11 675 167 470
5 0 420 182 22 417 804 613 687 758 11 675 167 470 174 833 737 848
Table 2
Number of rooted maps with v vertices and f faces on a non-orientable surface of type 2
f
0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 488 11 660 160 680 1 678 880 14 771 680
v 2 0 11 660 375 552 6 652 366 86 303 920 918 342 738
3 0 160 680 6 652 366 146 387 872 2 298 445 830 28 995 928 200
4 0 1 678 880 86 303 920 2 298 445 830 42 795 288 180 629 732 269 188
5 0 14 771 680 918 342 738 28 995 928 200 629 732 269 188 10 663 498 973 088
where v; e and f denote, respectively, the number of vertices, edges and faces of any
map on a surface of type . Any series F(z) which counts maps on a surface of type
 by number of edges can then be retrieved from the similar series of two variables
G(x; y) which counts the same maps by number of vertices (degree of x) and faces
(degree of y), using the following formula:
F(z) = G(z; z)z− 2: (6.6)
When s=f= z, the parametric system (3.4) of the variables s and f in p and q
can be reduced to a single parameter m=p= q and m is dened by
z=m(1− 3m) and m=0 when z=0: (6.7)
Again, (6.7) allows Lagrange inversion. However, we prefer to get rid of the quadra-
tic parameter m and to write the series in z only. This leads to the following expressions,
for type 3=2 and 2, respectively:
N3=2(z)=
(+ 1)(− 1)
48(+ 2)35

345 + 1404 + 2943 + 4042 + 208
−
p
3(284 + 593 + 1142 + 119+ 40)
p
(+ 2)

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Table 3
Numbers of rooted maps with e edges on the non-orientable surfaces of types 3=2 and 2
E Type 3=2 Type 2
0 0 0
1 0 0
2 0 0
3 41 0
4 1 380 488
5 31 225 23 320
6 592 824 696 912
7 10 185 056 16 662 492
8 164 037 704 348 539 072
9 2 525 186 319 6 664 492 800
10 37 596 421 940 119 448 394 500
11 545 585 129 474 2 038 649 084 648
12 7 758 174 844 664 33 485 525 450 304
13 108 518 545 261 360 533 300 750 150 792
14 1 497 384 373 878 512 8 280 704 684 511 728
15 20 426 386 710 028 260 125 874 875 824 299 840
16 275 940 187 259 609 296 1 879 220 531 953 481 856
17 3 696 482 210 884 173 349 27 623 679 628 336 696 672
18 49 156 971 656 519 842 272 400 620 376 541 743 419 888
19 649 518 488 455 293 338 528 5 741 857 194 453 928 418 268
20 8 533 530 692 114 424 030 920 81 439 444 090 140 433 607 840
21 111 549 042 221 954 044 659 210 1 144 400 134 614 241 780 601 088
22 1 451 544 868 635 080 958 615 448 15 947 842 815 693 549 007 349 256
23 18 811 220 404 100 936 574 633 508 220 579 463 084 992 470 012 209 008
24 242 880 463 987 956 300 178 544 784 3 030 225 572 264 584 257 706 050 816
25 3 125 375 358 100 579 694 360 812 400 41 371 174 793 045 515 157 274 738 000
26 40 093 328 447 290 694 185 024 851 488 561 649 924 088 674 946 255 822 463 632
27 512 876 957 834 263 617 115 864 866 540 7 585 457 718 252 276 491 676 609 397 824
28 6 543 696 404 889 580 638 119 646 735 920 101 958 927 799 456 739 827 672 685 426 976
29 83 289 180 631 771 031 104 108 450 159 316 1 364 441 078 195 615 447 812 681 626 354 464
and
N2(z) =
(+ 1)2 (− 1)2
96(+ 2)47


1426 + 2805 + 6294 + 14803 + 21292 + 1528+ 400
−
p
3(605 + 964 + 2673 + 6362 + 777+ 360)
p
(+ 2)

;
where
=
p
1− 12z:
Finally, we perform Taylor expansion of these series of variable z and obtain the
coecients of Table 3.
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7. Conclusion
An inductive method has been explicity used to solve the \Tutte-like" functional
equations for the series counting rooted maps on any locally orientable surface. Im-
plicitly used by Arques [2] for rooted maps of genus 1, described by Bender et al.
[6{9] for general rooted maps, this method allowed us to establish a general parametric
form for the solutions.
The result reduces the knowledge of the generating series so that of a symmetric
polynomial of two variables, with known total degree. This total degree linearly depends
on the type of the surface on which the maps are counted. In other words, it is sucient
to know the number of \small" rooted maps, up to a known size, to determine the
numbers of rooted maps of all sizes. This fact will be detailed is an upcoming paper.
For any xed type of surfaces, there exist recursion formulas dening the unknown
polynomial. These formulas, deductible from our recursive proof, but of small interest
for the reader, are not given here. However, we converted them into an algorithm which
computes the polynomial (at least in theory, since the complexity of these computations
strongly increases with the type of the surface). Using a computer algebra system, we
performed the computation of the polynomials for types 32 and 2, and thus obtained
practical formulas for the number of rooted maps on a non-orientable surface with one
hole, by number of vertices and number of faces.
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